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The structure of a hydromagnetic front in a 
cold collision-free plasma 

By P. G. SAFFMAN 
King’s College, London 

(Received 23 June 1961) 

A one-dimensional steady solution of the equations of motion of a cold plasma in 
a magnetic field is obtained. The plasma is of semi-infinite extent, bounded by a 
plane interface which separates it from a vacuum or medium a t  rest. The particles 
approach from infinity, are reflected at the front, and return to infinity in the 
opposite direction. At infinity, the magnetic field is parallel and anti-parallel to 
the plasma streams, and is inclined at  an angle to the normal to the interface. 
The front is a current sheet across which the lines of force are bent, with the 
component of the magnetic field in the plane of the front changing direction. The 
inertia of the electrons is neglected, and the characteristic frequency associated 
with the front is the ion gyro-frequency. 

1. Introduction 
Interest in the existence and properties of shock waves in a rare ionized gas in 

the presence of B magnetic field has led in recent years to a study of finite ampli- 
tude hydromagnetic waves in a cold collision-free plasma (Ferraro 1955; Adlam & 
Allen 1958; Davis, Lust & Schluter 1958; Montgomery 1959; Saffman 1961a, b). 
The term hydromagnetic is used here for wave motions in which the charge 
separation is negligible and the plasma may be assumed to be electrically neutral. 
The solutions so far obtained are of different types; infinite wave trains, solitary 
waves, and ‘quasi-shocks’; but they have one feature in common, namely, that 
they are all one-dimensional waves in a plasma of infinite extent. 

Finite amplitude motions in a plasma of semi-infinite extent bounded by a 
magnetic field have been obtained by Rosenbluth & Garwin (1954).t In  these 
flows, the particles approach from infinity, are reflected a t  the magnetic wall, and 
return to infinity. The direction of the magnetic field is perpendicular to the 
particle paths, and the magnetic field becomes zero at infinity. The thickness of 
the front or sheath is controlled by the electrons which alone are affected by the 
magnetic field, the ions moving in straight lines and being affected by the electric 
field only. 

In  the present note, we shall demonstrate the existence of further finite- 
amplitude motions in a plasma of semi-infinite extent bounded by a plane front, 
the space on the other side of the front being either a vacuum or occupied by a 
neutral gas at rest relative to the front. In  these solutions, the flow is steady 

t This paper is unpublished, but is described briefly by Mjolsnese, Ribe & Riesenfeld 
(1961). 
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relative to the front, and at a large distance from the front consists of a stream of 
plasma towards the front and an equal stream away from it in the opposite 
direction. At infinity, the magnetic field is inclined at an acute angle ( < &T) to 
the front, and in the absence of an electric field (corresponding to a suitable 
velocity of the frame of reference along the front), the streams are parallel to the 
magnetic field. An individual particle, ion or electron, approaches the front from 
infinity, turns round at the front, and then returns to infinity. The particles are 
not brought completely to rest at the front, only the velocity normal to the front 
being reduced to zero, so that the front is in effect a current sheet. The lines of 
force are bent considerably on passing through the front and in the vacuum are 
inclined at an angle of less than 20" to the front with the direction of the magnetic 
field component parallel to the front being reversed. 

The thickness and structure of the front is now determined principally by the 
ions, since these have much greater mass and momentum than the electrons and 
are now affected by the magnetic field. In  the following analysis, we shall there- 
fore neglect the mass or inertia of the electrons, and assume that they move in a 
way such that the electromagnetic forces on them are always in equilibrium. As 
far as can be seen a t  present, this seems to be necessary if an exact solution of the 
non-linear equations of motion is to be obtained; except that a similar exact 
solution also exists for the special case of equal electron and ion masses, as will be 
shown briefly in the Appendix. 

Referred to a frame of reference moving with either of the streams a t  infinity, an 
observer would see a front either advancing into or retreating from a vacuum, 
and this type of motion might possibly have relevance for certain astrophysical 
studies or problems concerned with the control and heating of a plasma in the 
laboratory. However, the physical significance of these fronts is open to doubt 
for two reasons. First, collisions may prevent the system of two interpenetrating 
streams at infinity from being a steady state, and secondly, the streams are known 
theoretically to be unstable to electrostatic plasma oscillations (Kahn 1957; 
Penrose 1960). Our main purpose here, therefore, is to show that the equations 
of motion of a cold collision-free plasma admit of a curious type of solution, which 
may perhaps increase the understanding of plasma dynamics. On the other hand, 
Dr F. D. Kahn has suggested that even though the configuration may be pre- 
vented from being set up exactly as described below, it may exist in a modified 
form. A brief qualitative description of this is given in Q 4, together with another 
speculation of possible physical interest. 

2. The equations of motion 
We use a frame of reference moving with the front so that the motion is steady. 

We take the plane of the front as the plane x = 0. The motion is taken to be one- 
dimensional and uniform in planes parallel to the front. The plasma occupies the 
region x < 0, and at x = - co there are two uniform streams moving in opposite 
directions. All thermal motions are neglected. 

The suffix i will refer to ions and the suffix e to electrons. The suffix + will refer 
to quantities in the forward stream moving towards the front, and the suffix - to 
the backward stream moving away from the front. Thus, ui+ = (ui+, vi+, wi+) and 
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ni+ denote the velocity and number density, respectively, of ions in the forward 
stream for which ui+ > 0. In  the backward stream, ui- < 0. All variables are 
functions only of x. 

The equations of motion of the ions and electrons are (Gaussian units are 
employed) 

miui,(duii/dz) = e(E + c-luirt AH), 

m,u,,(du,Jdz) = - e (E  + c - ~ u , ~  AH), (2.2) 

where mi and me are the masses of the ions and electrons, and the usual notation is 
employed for the electromagnetic quantities. We suppose that at infinity each 
stream is uniform and electrically neutral, so that the equations of continuity for 
the streams are 

ni+ui+ = n,+u,+ = - ni-ui- = - ne-u,- = const., (2.3) 

provided the front is not a source or sink of charged particles. 

H, = constant = H,, say, and curl H = 4nj/c, where the current density is 
With the present geometry, Maxwell’s equations reduce to E = (E(z ) ,  0, O ) ,  

j = e(n,+ui+ + ni-ui- - n,,ue+ - ne-ue-). (2.4) 

The quasi-neutral approximation (employed in place of the Maxwell equation 
for the divergence of the electric field) states that 

ni, + ni- = n,, + ne-. (2-5)  

Let us now suppose that at infinity the magnetic field is inclined at  an angle a to 
the z-axis, i.e. the direction normal to the front, and lies in the (2, y)-plane. That is, 
we take the components of the magnetic field at infinity to be (H, ,  H, tan a, 0). The 
velocity of the particles in the forward stream has components ( U ,  U tan a, O ) ,  
where U denotes the velocity component of the stream normal to the front. The 
general solution of the equations is a difficult matter, and the present analysis will 
be devoted to obtaining a particular class of symmetrical solutions in which the 
number densities of the two streams are everywhere equal and the z-component 
of the magnetic field is identically zero. The latter condition requires that the 
current is parallel to the z-axis. The former condition implies, by virtue of (2.3) 
and (2.5), that 

and 

ni, = nip = n,, = n,- = n, say 

ui, = - ui- - ue+ = - ue- = u, say; - 

that is, the magnitudes of the velocity component normal to the front is the same 
in the two streams. Further, 

where N is the number density of ions or electrons in each stream a t  infinity. 

nu = N U ,  (2.7) 

It can now be seen by inspection that if 

and ue+ = (u, v,, we) ui+ = (u, vi, wi) 

are solutions of (2.1) with E = (E,  0 , O )  and H = (H,, Hy, O ) ,  then 

and u,- = (-u, -ve, we) ut- = ( - u ,  -vi, wi) 
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are likewise solutions. Moreover, we now have 

j = ( O , O ,  2ne(w, - we)>, 

dHu/dx = 8nnec-l(wi - we). so that H, = 0 and 

The relationship between the velocities in the two streams is that the velocities 
in the plane containing the magnetic field and the normal to the front are equal 
and opposite, whereas the velocities in the direction perpendicular to the field and 
parallel to the front are the same. 

The boundary conditions to be satisfied on the front x = 0 are that u = 0 and 
also that vui = v, = 0, since in these symmetrical solutions the y-component of the 
particle velocity is reversed and the motion of an individual particle must be 
continuous. 

3. An exact solution for the case me = 0 

We shall now suppose that the mass of the electrons is negligible, and put 
me = 0. As mentioned previously, this approximation is reasonable in view of the 
fact that the ions are in reality much more massive than the electrons, and the 
thickness of the front is determined by the inertia of the ions. Then the equation 
of motion of the electrons, (2.2)) reduces to 

W, = 0, E = 0, V, = uH,/Ho. (3.1) 

miu(du/dx) = - ec-lwi H,, ( 3 4  

miu(dvi/dx) = ec-lwi H,, (3.3) 
miu(dwi/dx) = ec-l(uH, - vi Ho). (3.4) 

u(dH,ldx) = 8nNUec-lwi. (3.5) 

(3.6) 

The equation of motion of the ions now has components 

The Maxwell equation (2.8) becomes, on multiplying by u and using (2.7), 

This system of equations has three first integrals. From (3.2) and (3.5)) we 

u+ (HiI16nNUmJ = U +  ( H i  tan2a/16nNUm,), obtain 

where the conditions u -+ U ,  Hu -+ Ho tan a as x -+ - co have been used to fix the 
arbitrary constant. From (3.3) and (3.5) we have 

(3.7) 

(3.8) 

vi - (Ho Hu/8nN Urni) = U tan a - (Hi  tan a/8nNUmi). 

u2 + vt i- W: = U2 sec2 a. 

Multiplying (3.2)) (3.3) and (3.4) by u, vi and wi, respectively, and adding, we 
obtain 

It is convenient now to introduce an Alfvh velocity and an Alfv6n Mach 
number by the relations 

a = (Hi/47rNmi)t and M = U/a.  (3.9) 

On the front x = 0, u and vi must both vanish, and it then follows from the re- 
quirement that (3.6) and (3.7) are consistent that either U = 0 (which is trivial) or 

U sin ala = 1. (3.10) 
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(The requirement that we = 0 on the front is automatically satisfied by (3.1).) 
We see from (3.10) that, for the particular class of wave motions being considered, 
the magnetic field at infinity cannot be normal to the front except in the limit of 
infinite M ,  and also that M must be greater than one. 

The value of the transverse magnetic field on the front is 

H,(z = 0) = -Hotana(2M2- 1) = -Ho(2M2-  1)/(M2- l ) t ,  (3.11) 

and this will be the value ahead of the front in the region x > 0. The direction of 
the transverse field therefore changes across the front. Also, the strength of the 
field behind the front (i.e. in the plasma) is weaker than the strength ahead. 

We can now determine the structure of the front. We express u in terms of vi by 
(3.6) and (3.7), and substitute into (3.8) to obtain after a little reduction 

u i z  = (wi - U tan a)2 

(3.12) 

It follows from (3.12) that for a solution to exist, it  is necessary that 2M2 > 3, 
i.e. N > &. This imposes a lower limit on M ,  and from (3.10) an upper limit on a, 
namely sina < 43, i.e. a < 55'. If p denotes the angle between the magnetic 
field ahead of the front and the normal to the wave front, then 

(3.13) 

Thus the angle between the front and the magnetic field ahead of it will be less 
than approximately Z O O ,  which is quite small. As a decreases and M increases, 
the angle /3 increases. 

t anp  = (2M2- l)/(MZ- l)* > 242 ,  i.e. p > 70". 

To integrate (3.12), we introduce a dimensionless time t by the relation 

w,(dx/dt)  = u, where t = 0 when x = 0. (3.14) 

Here, wi = eHo/mic is the gyro-frequency of the ions about the field normal to the 
front. Then the internal of (3.12) is 

v 

2M2-3 

( N 2  - 1) (2M2 - 1)J cosh (At + e)  - ( M 2  - 1)i ' 
(3.15) - ~~~ __ vi = Utana-  - . -~ 

where 

h = N[(2N2-3) / (M2- l ) ]*  and coshe = 2[(M2- 1) / (2N2-  1)]* ( e < O ) .  
(3.16) 

The values of all the other quantities as functions oft now follow from the first 
integrals of the equations, and the relation between x and t is obtained by inte- 
grating (3.14). The full expressions are long and complicated, and will not be given 
here. We shall just examine the nature of the solution in the neighbourhood of 
x = 0. 

It is found that 

v, + - Utseca, u + - UtM(2M2- l) /(M2- 1) .  (3.17) 

Thus x + - UPM(2M2- 1)/2w,(N2- l),  (3.18) 
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and hence u and zji (and ve) vanish like (-x)# on the front. Also, 

wi = -Usecu on x =  0, (3.19) 

so the ions are moving parallel to the negative x-axis on the front, and do not come 
altogether to rest, as do the electrons since we = 0 when me = 0. The current is in 
fact carried entirely by the ions. 

The number density n becomes infinite on the front like ( - x)-*. This infinity is 
integrable, and arises, in fact, from the idealization of taking the plasma to be 
cold. Of course, the increase in number density at  the front implies that collisions 
may become important, but the possible effect of collisions is not clear. 

The quasi-neutral approximation is exact for the above solution since E = 0, 
and the solution does in fact satisfy the Maxwell equation div E = 47re(ni - nJ. 

The path of an individual electron is parallel to the (x,y)-plane. The ions, 
however, have a net drift in the negative z-direction. The total drift is found easily 
from (3.3) and is 

(3.20) 

A condition for the neglect of the electrons’ inertia to be valid can be obtained. 
The approximate equations of motion of the ions are valid if we < toi. Now 

(3.21) 

Substituting for u and H, from the approximate solution, we find that the approxi- 
mation is self-consistent if iM2(me/mi) < 1. Thus the solution breaks down if the 
Alfv6n Mach number is too large. 

4. Discussion 
The hydromagnetic plasma front is unlikely to Occur in reality exactly as 

described, because of the effect of collisions between the particles in the two 
opposing streams at infinity. However, the mean free path for close collisions of 
charged particles may be so large that this may not be too serious a difficulty. 
A more serious objection is the theoretical result (Kahn 1957) that the relative 
motion of two cold plasma streams is unstable to electrostatic space-charge 
plasma oscillations, whose frequency will be much larger than the ion gyro- 
frequency. 

However, Dr F. D. Kahn has suggested that this difficulty may be circum- 
vented. The essence of his argument is as follows. The current in the front is 
carried by the ions, and the role of the electrons is essentially passive. Suppose 
therefore that the electron gas is not cold, but has at infinity a Maxwellian 
velocity distribution with a velocity dispersion of the order of U ,  the speed of 
approachof the ions towards the front. This should not affect the current distribu- 
tion and the motion of the ions significantly, so that the gross features of the 
front are unaltered. If now the incident and reflected ion streams have small 
internal velocity dispersions, then the plasma will be stable against space-charge 
waves. It follows from Penrose’s (1960) work that the velocity dispersion of the 
ions need only be of the order of U(m,/m,)* to achieve stability. 
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Finally, a speculation of possible interest may be in order. The question is: 
does a flow with a sharpish front and with the ions in relative motion, of the type 
obtained in this paper, develop if a semi-infinite stream of neutral plasma moves 
across a magnetic field? Analogous problems occur in several branches of fluid 
mechanics. For instance, when a gas flows through a tube at a supersonic speed, 
a flow with shock waves is a theoretical possibility, and it is found in practice that 
shock waves often occur. Another example is the appearance of hydraulic jumps. 
If the answer in the present case is in the affirmative, this may possibly provide 
a means of raising the ion temperature in a plasma. 

Appendix. Exact solution for the case mi = m, 

is a symmetrical solution with 
With the notation of § 2, it  can be seen by inspection that when mi = me, there 

1 
ni, = ne+ = ni- = ne- = n, say; 

Ui+ = ue+ = - ui- - - ue- = u, say; 

vi+ = ve+ = - vi- = - ve- = v, say; 
wi+ = -we.+ = wi- - - -we- = w, say. 

The equations corresponding to (3.2) to (3.5) are now 

- 

miu(du/dx) = -eec-lwH,, 

miu(dv/dx) = ec-lwHo, 

miu(dw/dx) = ec-l(uH, - vHo), 

u(dH,/dx) = 167rNUec-lw. 

These equations are exactly the same as the former, except for a factor 2 in 
(As) as compared with (3.5). If we now take as an Alfvh velocity and Alfvh 
Mach number, 

then the previous solution of 9 3 holds exactly with M replaced by M'. 
a' = {Hi/4nN(m, +me))*, M' = U/a',  (A 6) 
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